In this paper, we give necessary and sufficient optimality conditions for a point to be an extremum of a pseudoconvex function over a convex set. Our principal tool is the limiting and strong limiting subdifferential.
Introduction
The pseudoconvexity notion that has been introduced first by Mangasarian [6] has many applications in programming and mathematical economy. Many works have been done to characterize the extremum of a pseudoconvex function using some kind of subdifferential (for example one can see [1, 3, 9] ). Our aim in this paper is to use the limiting subdifferential that appeared recently in [7] in order to characterize extrema of a pseudoconvex function over a convex set. Potential advantages of this subdifferential might be related to the fact that it offers a rich calculus rules and applications (see [5, 7, 8] for more details). The rest of the paper is organized as follows. In section 2 we recall some preliminary materials and definitions. In section 3 we characterize the global maximum of a pseudoconvex function over a convex closed set and in section 4 we give a necessary and sufficient condition for the minimum.
Basic definitions and properties
In this section we recall several definitions and results necessary in the sequel[see Mordukhovich and Shao [7] ]. Throughout this paper, X denote a Banach space and X * its topological dual. By cl(C) we mean the closure of the nonempty set C of X with respect to the strong topology of X, and by B ρ (x) we denote the open ball centered at x with radius ρ (ρ > 0). For a multifunction Φ acting from X into X * , we denote by
the sequential Kuratowski-Painlevé upper limit, i.e.:
where ω * → denotes the convergence for the weak-star topology of X * . For any extended-real-valued function f : X −→R, the domain and the epigraph of f are defined respectively by: 
is called the set of Fréchet ε-normal vectors to C at x. When ε=0, then the set (1) 
is called the normal cone to C atx. N(x; C) = ∅ ifx / ∈ cl(C). if C is convex then:
and both normal and prenormal cones at x∈ cl(C) coincide with the normal cone in the sense of convex analysis [10] .
Definition 2.2 Let f : X −→R be an extended-real-valued function and
is called the Mordukhovich limiting subdifferential of f atx.
It follows from [4] that if the function f is l.s.c. aroundx ∈ domf , then the Mordukhovich limiting subdifferential ∂f (x) is given by the formula:
is the ε-Fréchet subdifferential of f at x. When ε = 0, then the set (5) is called the presubdifferential or Fréchet subdifferential of f at x and is denoted by∂f (x).
Recall that the normal cone (2) to any set C⊂ X atx is given by:
where δ(.,C) is the indicator function of C defined by:
Let f : X −→ R ∪ {+∞} be an extended-real-valued function, and let x ∈ domf . We define the strong limiting subdifferential∂f (x) by:
where lim sup
denotes the strong sequential Kuratowski-Painlevé upper limit, i.e.:
there is a positive integer
Definition 2.3 Let f : X −→ R ∪ {+∞} be an extended-real-valued function.
f is said to be pseudoconvex with respect to the limiting subdifferential ∂ (respectively, with respect to the strong limiting subdifferential∂) if for any x, y ∈ X, we have:
[respectively, if for any x, y ∈ X, we have:
Characterization of maxima in terms of the strong limiting subdifferential
Consider the following problem
where f : X → R is a pseudoconvex function, and C is a nonempty closed convex set of X. We are interested in characterizing thosex solution of (P) via the strong limiting subdifferential.
Theorem 3.1 (Necessary condition) Let f : X → R be a real-valued function. Then ifx maximizes f on C, then∂f (x) ⊂ N(x; C) for all x in C satisfying∂f (x) = ∅ and f (x) = f (x).
Proof. Let x ∈ C such that∂f (x) = ∅ and f (x) = f (x). Pick any x * ∈∂f (x). Then, by the definition of the strong limiting subdifferential, there are sequences
. Therefore, we can choose a subsequence (x kv ) v of (x k ) k such that:
and
Hence, by virtue of (7), we deduce
Tending v to +∞, we obtain x * , x 0 − x ≤ 0. Thus, we achieve the proof. Now we give a sufficient optimality condition for a point to be a maximum of a pseudoconvex function over a convex set in terms of the strong limiting subdifferential.
Theorem 3.2 (Sufficient condition) Let f : X → R be a continuous pseudoconvex function with respect to the strong limiting subdifferential∂ and letx
Proof. By the contrary, assume that there is somex ∈ C for which we have
On the other hand, f is continuous. Consequently, there is an unique point x 0 in the interval ( x,x) at which f (
0 ,x − x 0 = 0 and since f is pseudoconvex with respect to the strong limiting subdifferential∂, we deduce f (x 0 ) ≤ f ( x). But this contradicts the fact that f ( x) < f(x) = f (x 0 ). Thus, we achieve the proof.
Characterization of minima in terms of the limiting subdifferential
where f : X → R is a l.s.c. function, and C is a nonempty closed convex set of X. We are interested in characterizing thosex solution of (Q) in terms of the limiting subdifferential. Let us start with the sufficient optimality condition. This implies that x * 1 , x −x ≥ 0 ∀x ∈ C. Therefore, using the fact that f is pseudoconvex, we deduce f (x) ≥ f (x) for all x ∈ C. Thus, we achieve the proof. Let us give now the necessary optimality condition. Proof. Set g(x) = f (x)+δ(x, C). Sincex is a solution of (Q), thenx is a global minimum of g on X. Therefore, 0 ∈ ∂(f + δ(., C))(x). On the other hand, f is locally Lipschitz aroundx and δ(., C) is l.s.c.. Consequently, Applying Lemma 2.2 of [2] , we obtain 0 ∈ ∂(f + δ(., C))(x) ⊂ ∂f (x) + ∂δ(x, C) = ∂f (x) + N(x; C).
Thus, the result follows. In the particular case where the objective function f is strictly differentiable atx, we have the following result: Proposition 4.3 Let X be a Banach space and let f : X → R be a strictly differentiable function atx ∈ C. Assume thatx is a solution of (Q). Then, −∇f (x) ∈ N(x; C).
